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S u m m a r y .  C o n d i t i o n s  a r e  d e v e l o p e d  u n d e r  which  p r o g e n y - t e s t i n g  u s i n g  i n d i r e c t  s e l e c t i o n  c a n  g i v e  m o r e  r a p i d  
g e n e t i c  i m p r o v e m e n t  than  u s i n g  d i r e c t  s e l e c t i o n .  A n a l o g o u s  c o n d i t i o n s  fo r  m a s s  s e l e c t i o n  a r e  g i v e n  in S e a r l e  
[ 1 9 5 4 ] .  

Key  w o r d s :  P r o g e n y - t e s t i n g  - I n d i r e c t  S e l e c t i o n  - G e n e t i c - i m p r o v e m e n t  

I n t r o d u c t i o n  

The e f f i c i e n c y  of  i n d i r e c t  s e l e c t i o n  r e l a t i v e  to d i r e c t  

s e l e c t i o n ,  u n d e r  c o n d i t i o n s  of  m a s s  s e l e c t i o n ,  i s  

c o n s i d e r e d  a t  l eng th  in  S e a r l e  ( 1 9 6 5 ) .  R e s u l t s  g i v e n  

t h e r e  h a v e  s i n c e  b e e n  u s e d  in s t u d i e s  of  egg  p r o d u c -  

t i on ,  body  we igh t  and o t h e r  t r a i t s  of  the  d o m e s t i c  

fowl [ e . g . ,  N o r d s k o g  et a l .  ( 1967) ]  and F e s t i n g  and 

N o r d s k o g  ( i 9 6 7 ) ]  and in s t u d i e s  of  m i l k  y i e l d  and 

o t h e r  t r a i t s  in  d a i r y  cows  [ e .  g . ,  E i s e n  ( i 966 ) ,  T h o m p -  

s o n  and Logana than  ( 1 9 6 8 ) ,  Wi l ton  and  Van V l e c k  

( i 9 6 8 )  and S y r s t a d  ( 1 9 6 8 ) ] .  The r e l a t i v e  s e l e c t i o n  

e f f i c i e n c y  of  m a s s  s e l e c t i o n  has  a l s o  b e e n  u s e d  in 

f e r t i l i t y  s t u d i e s  of  R o m n e y  e w e s  [ C h ' a n g  and R a e  

( 1972 ) ] and in s i m u l a t i o n  s t u d i e s  [Singh et  a l .  ( i 967 ) ] .  

In c o n t r a s t ,  th i s  p a p e r  d e s c r i b e s  t he  r e l a t i v e  s e l e c -  

t ion  e f f i c i e n c y  of  p r o g e n y - t e s t i n g ,  and u s e s  i t  to e s -  

t a b l i s h  c o n d i t i o n s  when  p r o g e n y - t e s t i n g  with  i n d i r e c t  

s e l e c t i o n  g i v e s  f a s t e r  g e n e t i c  i m p r o v e m e n t  than  with  

d i r e c t  s e l e c t i o n .  

R e l a t i v e  S e l e c t i o n  E f f i c i e n c y  of  P r o g e n y - T e s t i n g  

We consider improvement through selection of a ba- 

sic trait with genotype represented by y and pheno- 

* P a p e r  No .  B U - 3 3 5  in t he  B i o m e t r i c s  Un i t ,  C o r n e l l  
U n i v e r s i t y .  

t y p e  by Y.  S e l e c t i n g  on Y i s  c a l l e d  d i r e c t  s e l e c t i o n  

w h e r e a s  s e l e c t i n g  on s o m e t h i n g  o t h e r  than  Y i s  c a l l e d  

i n d i r e c t  s e l e c t i o n .  A t t e n t i o n  i s  c o n f i n e d  to the  a d d i -  

t i v e  p o r t i o n  of  t he  g e n o t y p e  and ,  u s i n g  the  s a m e  n o t a -  

t ion  a s  S e a r l e  ( 1 9 6 5 ) ,  h e r i t a b i l i t y  in t he  n a r r o w  s e n s e  

i s  de f i ned  a s  h = a 2 / ~  ~ t he  r a t i o  of t h e  a d d i t i v e  g e -  
2 y - '  2 

n e t i c  v a r i a n c e  a to t h e  p h e n o t y p i c  v a r i a n c e  v ~ .  If 
Y 

R iy  i s  t he  c o r r e l a t i o n  b e t w e e n  an i ndex  I and y ,  then  

the  r e l a t i v e  s e l e c t i o n  e f f i c i e n c y  of  i n d i r e c t  s e l e c t i o n  

on I c o m p a r e d  to d i r e c t  m a s s  s e l e c t i o n  on Y i s  

RSE(I, Y, y) = Riy/~-h . (1) 

It i s  a s s u m e d  tha t  i n t e n s i t y  of  s e l e c t i o n  i s  t he  s a m e  

u s i n g  I a s  i t  i s  u s i n g  Y. 

We dea l  wi th  s e l e c t i o n  i n d i c e s  b a s e d  on p h e n o t y p e s  

of  p r o g e n y  of  a n i m a l s  a m o n g  w h o m  s e l e c t i o n  i s  to be  

p r a c t i c e d .  Two c o m m o n  c a s e s  a r e  t h o s e  o f  u s i n g  m i l k  

y i e l d s  of  d a i r y  c o w s  fo r  s e l e c t i n g  a m o n g  bu l l s  ( p a r t i -  

c u l a r l y  fo r  u s e  in a r t i f i c i a l  i n s e m i n a t i o n  p r o g r a m s )  ; 

and  of  u s i n g  egg  p r o d u c t i o n  o f  d o m e s t i c  fowl  f o r  s e l e c t -  

ing  a m o n g  c o c k e r e l s .  We a s s u m e  tha t  in  the  s e l e c t i o n  

p r o c e s s  e a c h  p a r e n t  b e i n g  t e s t e d  h a s  the  s a m e  n u m -  

b e r  of  p r o g e n y ,  n,  and tha t  e a c h  p r o g e n y  h a s  j u s t  one  

r e c o r d .  A l though  th i s  m i g h t  sound  r e s t r i c t i v e ,  i t  i m -  

p o s e s  on ly  m i n i m u m  l i m i t a t i o n s  in  m a n y  p r a c t i c a l  

a p p l i c a t i o n s ;  e . g . ,  s e l e c t i o n  p r a c t i c e d  on d a i r y  and  

p o u l t r y  s i r e s  i s  l a r g e l y  b a s e d  upon ju s t  f i r s t  r e c o r d s  

of  t h e i r  p r o g e n y .  
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Suppose that Iy is the selection index based on n 

progeny records on Y. It is well-known [e.g., Fal- 

coner (1960)] that the correlation between the pro- 

geny-test Iy and the parent's genotype y is, assum- 

ing there is no environmental correlation among pro- 

geny records constituting the progeny test, 

RI = V 
nh (~) 

y,y 4 + h ( n -  1) " 

(It is necessary to retain the subscript Y in Iy to 

distinguish Iy from indices IX, IX• 2 and IX, Y 

that are based on alternative traits X and used sub- 

sequently. ) Values of (2) are tabulated in Searle 

(1964), as are values of 

n = ( 4 / h -  1 ) / ( R i ; , y  - 1) , (3 )  

obtained by solving (2) for n. This represents the 

number of progeny required in order that the corre- 

lation between Iy and y shall be of a pre-deterrnined 

magnitude Riy,y. Naturally, the numbers of progeny 

required are small for correlations so low as to be 

valueless (below 0.70 say), but for increasingly lar- 

ger correlations the numbers increase rapidly. Equa- 

tions (2) and (3) are, of course, two different ways 

of looking at the same expression: (2) provides the 

correlation between additive genotype and progeny- 

test for some known number of progeny, whereas (3) 

is useful for deciding, prior to conducting a progeny- 

test program, just how many progeny are needed in 

o r d e r  to achieve a pre-assigned value of Riy,y. 

The correlation in (2) is applicable to any trait; 

and the corresponding RSE for comparing progeny- 

testing to performance testing comes from using (2) 

in (I), giving 

V n 
RSE(Iy, Y, y) = 4 + h ( n -  1) (4) 

However, this expression is inapplicable when per- 

formance testing is not possible, namely for sex lim- 

ited traits such as in sire selection for improvement 

either in egg-laying in poultry or in milk production 

in dairy cattle. An alternative to progeny-testing in 

such cases is to use ancestor records, the efficiency 

of which is discussed in Searle (1963). In contrast, 

for traits where performance testing is possible, such 

as fleece weight in sheep and rate of weight gain in 

beef cattle, the RSE of (4) is applicable and can be 

used to answer the question "when is progeny-testing 

preferred over performance testing". By "preferred 

Table I. Number* of progeny needed so that progeny-testing is at least as good as performance testing 
(Upper limits RSEco = I/'v~ shown in parenthesis) 

Heritability (h) 

RSE .I .2 .3 .4 .5 .6 .7 .8 .9 1.0 

1 . 0 0  5 5 6 6 7 9 11 16 31 ( 1 . 0 0 )  
1 . 0 5  5 6 7 8 9 11 16 30 441 
1 . 1 0  6 7 8 9 11 16 27 121 ( 1 . 0 5 4 )  
1 . 1 5  6 7 9 11 14 22 59 ( 1 . 1 2 )  
1 . 2 0  7 8 10 13 18 36 ( 1 . 1 9 5 )  
1 . 2 5  8 9 11 15 25 85 

1.40 10 13 18 33 343 ( 1 . 2 9 )  
1 . 5 0  12 16 26 81 ( 1 . 4 1 )  
1 . 5 5  13 18 32 222 
1 . 6 0  14 20 41 ( 1 . 5 8 )  
1 . 8 0  19 35 428 

2 . 0 0  26 76 ( 1 . 8 3 )  
2 . 2 0  37 575 
2 . 5 0  65 ( 2 . 2 4 )  

3 . 0 0  351 
3 . 1 0  961 

( 3 . 1 6 )  

4-h 
* E q u a t i o n  ( 5 ) :  n = 

(RSE) -2- h 
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over" we mean "gives greater rate of genetic improve- 

ment", and in this sense progeny-testing will be pre- 

ferred over performance testing when the RSE of (4) 

exceeds unity. 

Occasions when (4) exceeds 1.0 can be consid- 

ered in two ways. First, by calculating values of (4) 

as it stands, for which we observe that (4) is simply 

(2) multiplied by h -1/2. It will be found that except 

for very small n or for large h, calculated values of 

(4) usually exceed 1.0; i.e., progeny-testing is usu- 

ally preferred over performance testing. Further- 

more, for each value of h there is an upper limit on 

(4), obtained by letting n tend to infinity, giving 

RSEco = h -1/2. Note also, that were there to be m 

records in the performance test of the parent, the 

RSE of (4) would be lessened through multiplication 

by ~0+ (I - p)/m where p is repeatability. A second 

way of looking at (4) is to ask the question, "for a 

given value of h, how many animals are needed in a 

progeny-test so that the RSE equals some pre-as- 

signed value?" This results in rearranging (4) as 

n = ( 4 -  h ) / [ ( R S E )  - 2 -  h i  , (5 )  

j u s t  a s  (3)  w a s  d e r i v e d  f r o m  ( 2 ) .  V a l u e s  of  (5 )  a r e  

s h o w n  in  T a b l e  1 f o r  h " 0 . 1 ( 0 . 1 ) 1 . 0  a n d  f o r  a r a n g e  

of  v a l u e s  of  RSE >i 1, r e p r e s e n t i n g  s i t u a t i o n s  w h e n  

p r o g e n y - t e s t i n g  i s  a s  good  a s  o r  b e t t e r  t h a n  p e r f o r m -  

a n c e  t e s t i n g .  The  u p p e r  l i m i t  R S E c o  = h - 1 / 2  e s t a b l i s h -  

ed  f r o m  (4)  a n d  a l s o  a r i s i n g  f r o m  t h e  n o n - n e g a t i v i t y  

of (5)  i s  s h o w n  in  p a r e n t h e s e s  a t  t h e  e n d  of  e a c h  c o -  

l u m n  of  T a b l e  1, i n d i c a t i n g  t h a t  no f u r t h e r  v a l u e s  of  n 

e x i s t .  The  c h o i c e  of  RSE v a l u e s  f o r  t h e  t a b l e  w a s  

m a d e  w i t h  t h e s e  u p p e r  l i m i t s  in  m i n d ,  to  h a v e  b o t h  a 

r a n g e  of  v a l u e s  a n d  v a l u e s  t h a t  a r e ,  i n  m o s t  c a s e s ,  

c l o s e  to  t h e  l i m i t s .  

Pro~eny-Testin~ with an Alternative Trait 

The relative selection efficiency, under mass selec- 

tion, of using a trait X rather than Y is 

p = R S E ( X ,  Y,  y)  : r V - ~ y  , (6 )  

w h e r e  r i s  t h e  g e n o t y p i c  c o r r e l a t i o n  b e t w e e n  t r a i t s  
2 2 

X a n d  Y a n d  h x = c / c x ~ "  i s  t h e  h e r i t a b i l i t y  of  X in  

the same way that h x = cT2/~y is of Y.Considerable 
Y Y 

attention is given to p in Searle (1965), and also to 

RSE(I, Y, y) for I being a linear combination, under 

mass selection, of either Y and one X, or of two 

X' s. The parameter p also arises in considering 

RSE(Ix, Y, y) and RSE(Ix, Iy, y) for progeny-test- 

ing indices I X and Iy. 

Comparisons with performance testing 

D e n o t e  by  I X t h e  s e l e c t i o n  i n d e x  b a s e d  on  s i n g l e  r e -  

c o r d s  of  n p r o g e n y .  T h e n ,  j u s t  l i k e  ( 2 ) ,  
x 

I/ nxh x 

RIx ,Y  V = r R I  (7)  = r 4 +  h x ( n  x -  1) x ,X  " 

This is the correlation between a progeny-test using 

X and the additive genotype y of a parent; its values 

are, as indicated in (7), obtainable by multiplying 

those of (2) by the genetic correlation r. Also, val- 

ues of n obtained from (7) comparable to (3) are 
x 

n x = ( 4 / h  x -  1 ) / [ ( R i x , y / r ) - 2  - 1] ; (8 )  

i . e . ,  t h e y  a r e  t h e  s a m e  a s  (3)  u s i n g  h x f o r  h a n d  

Rix , y / r  i n  p l a c e  of  R i ~ , y .  N o t e  f r o m  (7 )  a n d  (8 )  t h a t  

R i . , y  c a n n o t  e x c e e d  t h e  g e n e t i c  c o r r e l a t i o n  - a s  i s  

e m i n e n t l y  r e a s o n a b l e .  

The  r e l a t i v e  s e l e c t i o n  e f f i c i e n c y  of  I X o v e r  m a s s  

s e l e c t i o n  on  Y i s ,  u s i n g  (7)  i n  ( 1 ) ,  

nx 
R S E ( I x ,  Y)  = r 4 + h x ( n x _  

= p R S E ( I x ,  X ,  x)  

1) 

(9) 

on  a l s o  u s i n g  (4)  a n d  ( 6 ) .  J u s t  a s  (4)  l e a d s  to  ( 5 ) ,  

s o  d o e s  (9)  l e a d  to 

n x = (4 - hx)/[(RSE~)-2 - h x] , 

where RSE ~ = RSE(Ix, Y, y)/p . (10)  

C o m p a r e d  to m a s s  s e l e c t i o n  on  Y,  n x of  ( 10 )  i s  t h e  

n u m b e r  of  p r o g e n y  r e q u i r e d  fo r  a p r o g e n y - t e s t  u s i n g  

X to h a v e  r e l a t i v e  s e l e c t i o n  e f f i c i e n c y  b e  s o m e  p r e -  

a s s i g n e d  v a l u e  R S E ( I x ,  Y,  y ) .  S i n c e  n x m u s t  b e  p o -  

s i t i v e ,  (10)  i m p l i e s  t h a t  t h e  u p p e r  l i m i t  o n  RSE ~ i s  
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h - 1 / 2  and so  the  c o r r e s p o n d i n g  u p p e r  l i m i t  on x 
R S E ( I  X,  Y, y)  i s  h - 1 / 2 p ,  which  e q u a l s  r h  - 1 / 2  on 

x y 
u s i n g  ( 6 ) .  H e n c e ,  i f  th i s  u p p e r  l i m i t  i s  to e x c e e d  

un i ty ,  r m u s t  e x c e e d  hV-h--. 
y 

P r o g e n y - t e s t s  with the  s a m e  n u m b e r s  of  p r o g e n y  

D e n o t e  the  r e l a t i v e  s e l e c t i o n  e f f i c i e n c y  of  I X c o m p a r -  

ed  to I y  by q .  Then,  in t he  m a n n e r  of  S e a r l e  ( 1965 ) ,  

RSE(I X, Y, y) pRSE(Ix, X, x) 
q =RSE(Ix, Iy, y)= RSE(Iy, Y,y) = RSE(Iy, Y,y) 

] /nx[4  + h y ( n y  - I ) ]  

= P[ /ny[4~ + h x ( n  x 1)]  �9 (11)  

(9) and (4) a r e  u s e d  in d e r i v i n g  the  l a s t  two e x p r e s -  

s i o n s  in ( 1 1 ) .  

A n a l y t i c a l  s tudy  of  t he  b e h a v i o r  of  q fo r  v a r i a t i o n s  

in r ,  hx ,  hy ,  n x and ny i s  d i f f i c u l t .  H o w e v e r ,  s o m e  

c o n c l u s i o n s  c a n  be  r e a c h e d  by m a k i n g  the  not  i m p r a c -  

t i c a l  a s s u m p t i o n  of  h a v i n g  the  s a m e  n u m b e r  of  p r o g e -  

ny w h e t h e r  u s i n g  X o r  Y, i . e . ,  n x = ny = n.  This  

g i v e s  

q = p  
y 4 + h y  ( n -  1) V 4 h x +  hxhy(  n -  1) 

h x ( n -  1) = r 4"by + + h x h y ( n -  1) ' 
12) 

the  l a s t  of  t h e s e  e x p r e s s i o n s  be ing  that  g i v e n  by S y r -  

s t a d  ( 1 9 7 0 ) .  

Tabu la t ed  v a l u e s  o f  r fo r  which  q = 1 fo r  v a r i o u s  

v a l u e s  of n,  h and h a r e  g i v e n  by Hinks  ( 1 9 7 1 ) ,  t o -  
x y 

g e t h e r  wi th  s o m e  c o n c l u s i o n s  about  r e l a t i v e  v a l u e s  

of  p and q .  T h e s e  c o n c l u s i o n s  and o t h e r s  a r e  now 

d e r i v e d  a n a l y t i c a l l y  f r o m  ( 1 2 ) .  F i r s t ,  p r o g e n y - t e s t -  

ing  with  n p r o g e n y  wil l  be  b e t t e r  u s i n g  the  a l t e r n a t i v e  

t r a i t  X r a t h e r  than  u s i n g  the  b a s i c  t r a i t  Y when  

q > 1; i . e . ,  f r o m  ( 1 2 ) ,  when 

V :  + hx(n- 1) 
P > + hy(n 1) (13) 

o r ,  e q u i v a l e n t l y ,  

V + hxhy(n - 1) 
4hy h x h y ( n  - 1) " r > 4h x + (14)  

r > ~ x "  H e n c e ,  s i n c e  q > 1 on ly  when (14)  i s  

s a t i s f i e d ,  q can  e x c e e d  1 . 0  only  when  hy < hx ,  

< h the  f i r s t  r > and p > 1. H o w e v e r ,  fo r  hy x 

e x p r e s s i o n  of  (12)  s h o w s  tha t  q < p .  Thus we h a v e  

the  f o l l o w i n g  s i t u a t i o n :  p r o g e n y - t e s t i n g  wi th  n p r o g -  

eny wi l l  be  b e t t e r  u s i n g  X r a t h e r  than  Y ( i . e . ,  q > 

> 1) on ly  when  h < h  and when  (14)  i s  s a t i s f i e d ;  
y x 

and then  p > q > 1, i m p l y i n g  that  the  i n c r e a s e d  r a t e  

of  i m p r o v e m e n t  in y u s i n g  the  a l t e r n a t i v e  t r a i t  wou ld  

be  g r e a t e r  u n d e r  m a s s  s e l e c t i o n  than  u n d e r  p r o g e n y -  

t e s t i n g .  Note  that  on ly  i f  h < h can  i t  be  b e n e f i c i a l  
y x 

to u s e  the  a l t e r n a t i v e  t r a i t ;  and it  wi l l  be  b e n e f i c i a l  

on ly  i f  r s a t i s f i e s  ( 1 4 ) .  F u r t h e r m o r e ,  the  l o w e r  l i m -  

i t s  i m p o s e d  by (14)  on r a p p r o a c h  1 . 0 0  as  n-* c o .  

This  m e a n s  that  on ly  fo r  s m a l l  n i s  t h e r e  m u c h  of  a 

r a n g e  of v a l u e s  of  r that  p e r m i t s  q > 1 to be  s a t i s -  

f i ed .  In add i t i on ,  q -, r a s  n -* co ,  a s  i s  e v i d e n t  f r o m  

( 1 4 ) .  

The i n e q u a l i t y  q >  1 wi th  n = n = n h a s  b e e n e x -  
x y 

p r e s s e d  in (14)  in t e r m s  of  l i m i t s  on r .  But  it  c an  

a l s o  be  e x p r e s s e d  in t e r m s  of  n a s  n < L  1 fo r  

L 1 ~ L l ( h x ,  hy ,  r )  = 1 + 

= 1 + 4 ( p 2 -  1) 

hx(l - r 2) " 

4 ( r 2 h x  - hy)  

hxhy(1  - r 2) 

(15) 

[The func t iona l  f o r m  L 1 (hx ,  hy ,  r )  i s  i n t r o d u c e d  fo r  

u s e  o n p a g e 2 9 4 ] .  C l e a r l y  L 1 i s  p o s i t i v e  fo r  p > 1, s o  

tha t  when  (13)  and (14)  a r e  s a t i s f i e d  so  a l s o  i s  

n < L 1. Thus i s  e s t a b l i s h e d  an u p p e r  l i m i t  L 1 s u c h  

that  p r o g e n y - t e s t i n g  u s i n g  an a l t e r n a t i v e  t r a i t  i s  b e t -  

t e r  than  u s i n g  the  b a s i c  t r a i t  wi th  the  s a m e  n u m b e r  

of  p r o g e n y .  This  m e a n s  that  fo r  an a l t e r n a t i v e  t r a i t  

wi th  p > 1, p r o g e n y - t e s t i n g  b a s e d  on that  t r a i t  c an  be  

b e t t e r  than u s i n g  the  b a s i c  t r a i t  wi th  the  s a m e  n u m -  

b e r  of  p r o g e n y  on ly  up to a l i m i t e d  n u m b e r  o f  p r o -  

geny - and b e y o n d  tha t  l i m i t  p r o g e n y - t e s t i n g  u s i n g  the  

b a s i c  t r a i t  i s  b e t t e r .  No te  tha t  t he  l i m i t  e x i s t s  on ly  

when p > 1, which  r e q u i r e s  r > ~hV~v and h x > h y / r  2, 

a s  d i s c u s s e d  in S e a r l e  ( 1 9 6 5 ) .  

P r o g e n y - t e s t s  wi th  d i f f e r e n t  n u m b e r s  of  p r o g e n y  

S i n c e  r ~ < l ,  (14)  c a n  be  t r u e  on ly  fo r  h y < h  x , w h e r e -  

upon f r o m  (13) p > 1. But  f r o m  ( 6 ) ,  p > 1 only  when  

We now c o n s i d e r  p r o g e n y - t e s t s  b a s e d  on d i f f e r e n t  

n u m b e r s  of  p r o g e n y ,  u s i n g  q of  ( 1 1 ) .  We h a v e  ju s t  
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s e e n  w h e n  p > 1 t ha t  f o r  n < L1, p r o g e n y - t e s t i n g  

wi th  n = n = n p r o g e n y  i s  b e t t e r  u s i n g  t h e  a l t e r n a -  
x y 

t i v e  t r a i t  t h a n  u s i n g  t h e  b a s i c  t r a i t ,  i . e . ,  q < 1. F o r  

s o m e  c a s e s  of  n x = ny < L 1, t h e  v a l u e  of  q wi l l  e x -  

c e e d  1 . 0 0  s u f f i c i e n t l y  so  a s  to e n a b l e  u s e  of  n x < ny 

and  s t i l l  h a v e  q > 1.  Th is  m e a n s  t h a t  fo r  s o m e  ny < 

< L1,  u s i n g  f e w e r  t h a n  ny p r o g e n y  on the  a l t e r n a t i v e  

t r a i t  ( i . e . ,  n x < ny)  wi l l  be  b e t t e r  t h a n  u s i n g  ny p r o g -  

eny wi th  t h e  b a s i c  t r a i t .  F o r  e x a m p l e ,  wi th  r = 0 . 9 ,  

hy  = 0 . 2  and  h x = 0 . 6  e q u a t i o n  (15)  g i v e s  L 1 = 51;  

= n = n = 20 < L 1 = 51, e q u a t i o n  (12)  g i v e s  and  fo r  n x Y 

q = 1 . 1 1 .  This  e x c e e d s  1 . 0 0  s u f f i c i e n t l y  t ha t  we  c a n  

in  f a c t  u s e  t h e  a l t e r n a t i v e  t r a i t  w i th  n < 20 and  f r o m  
x 

(11)  s t i l l  h a v e  q > 1, i . e . ,  s t i l l  h a v e  t h e  a l t e r n a t i v e  

t r a i t  b e i n g  b e t t e r  t h a n  t h e  b a s i c  t r a i t .  Thus  f o r  n x = 

= 15, e q u a t i o n  (11)  g i v e s  q = 1 .07  and  f o r  n x = 12, 

q = 1 . 0 4 ,  so  t ha t  e i t h e r  15 o r  12 p r o g e n y  u s i n g  t h e  

a l t e r n a t i v e  t r a i t  a r e  b e t t e r  t h a n  20 p r o g e n y  u s i n g  t h e  

b a s i c  t r a i t .  C l e a r l y ,  15 o r  12 p r o g e n y  on  t h e  a l t e r n a -  

t i v e  t r a i t  (q = 1 .07  and  q = 1 . 0 4 ,  r e s p e c t i v e l y , )  a r e  

no t  a s  good  a s  20 p r o g e n y  a r e  (q = 1 . 1 1 ) ,  but  t he  

i m p o r t a n t  t h ing  i s  t ha t  in  t h e s e  c a s e s  q s t i l l  e x c e e d s  

un i ty  but  wi th  n < n . 
x y 

S u p p o s e  we  a s k  q u i t e  g e n e r a l l y  "how m a n y  p r o g -  

eny  a r e  n e e d e d  u s i n g  X to b e  e q u i v a l e n t  to p r o g e n y -  

t e s t i n g  wi th  n p r o g e n y  u s i n g  Y?"  The a n s w e r  i s  t he  
Y 

s o l u t i o n  f o r  n to  t h e  e q u a t i o n  q = 1. U s i n g  ( 1 1 ) ,  
X 

t h i s  i s  n = n f o r  
X X 

nx = n x ( x y ,  h x ,  h y ,  r ) =  
nyhy(4-h x) 

hxEr2(4-hy)-nyhy(1-r2)] " 

(16)  

S i n c e  n > 0 we  i m m e d i a t e l y  s e e  t ha t  t h i s  e q u i v a l e n c e  
x 

c a n  o c c u r  on ly  i f  ny < L 2 f o r  

r 2 ( 4  - hy )  
L 2 - - -L2(hy , r )  : (17)  

h y ( i  - r 2) 

[A ga in  the  f u n c t i o n a l  f o r m s  a r e  i n t r o d u c e d  f o r  s u b s e -  08 

quen t  u s e .  ] S i n c e  we h a v e  a l r e a d y  s e e n  tha t  t h i s  k ind  ~ 
86 

= n = n < L  1 of  ( 1 5 ) , w e  o f  e q u i v a l e n c e  o c c u r s  f o r  n x Y 
0.4 would  e x p e c t  L 2 of  (17)  to  e x c e e d  L i ;  and  it d o e s ,  

a s  i s  e a s i l y  s h o w n .  Thus L 2 i s  an  u p p e r  l i m i t  to t h e  

n u m b e r  of  p r o g e n y  u s i n g  t h e  b a s i c  t r a i t ,  a b o v e  w h i c h  

no t  e v e n  an i n f i n i t e  n u m b e r  of  p r o g e n y  u s i n g  the  a l t e r -  

n a t i v e  t r a i t  c a n  y i e l d  e q u i v a l e n t  p r o g e n y - t e s t i n g  p r o c e -  

d u r e s .  F o r  e x a m p l e ,  wi th  r = 0 . 9 ,  h = 0 . 2 ,  t h e  l i m i t  
Y 

g i v e n  by (17)  i s  L 2 = 81. H e n c e  p r o g e n y - t e s t i n g  u s i n g  

a l t e r n a t i v e  t r a i t s  wi th  g e n e t i c  c o r r e l a t i o n  0 . 9  c a n  

n e v e r  b e  p r e f e r r e d  to u s i n g  the  b a s i c  t r a i t  wi th  81 o r  

m o r e  p r o g e n y ,  no m a t t e r  how m a n y  p r o g e n y  a r e  a v a i l -  

a b l e  f o r  t h e  a l t e r n a t i v e  t r a i t ,  n o r  wha t  t h e  h e r i t a b i l i t y  

of  tha t  a l t e r n a t i v e  t r a i t  m a y  b e .  F o r  e x a m p l e ,  wi th  

h x = 0 . 6 ,  hy  = 0 . 9 ,  r = 0 . 9  a n d w i t h  ny = 1 0 0 > L 2 =  81 

and  n = 200,  e q u a t i o n  (11)  y i e l d s  q = 0 . 9 7  < 1. Thus  
x 

L 1 and  L 2 d i v i d e  v a l u e s  of  ny  in to  t h r e e  g r o u p s :  

< L1, t h e r e  e x i s t s  n < n s u c h  tha t  Group  I: f o r  ny x y 

I X i s  p r e f e r r e d  to I y .  

G r o u p  II:  f o r  L l ~ < n y < L 2 ,  t h e r e  e x i s t s  n x > n y  > L  1 

wi th  I X p r e f e r r e d  to  I y .  

Group  Ill  : f o r  ny ~> L 2,  I X i s  n e v e r  p r e f e r r e d  to I y .  

The e x a m p l e  tha t  h a s  b e e n  u s e d  i s  i l l u s t r a t e d  in F i g .  

1, w h i c h  s h o w s  R I y , y  and  R i x , Y  p l o t t e d  a g a i n s t  n .  

The d i v i s i o n  of  n - v a l u e s  i n to  t h r e e  g r o u p s  s e p a r a t e d  

by L 1 = 51 and  L 2 = 81 i s  s e l f - e v i d e n t .  

The b o u n d a r y  b e t w e e n  Group  I and  G r o u p  II v a l u e s  

of  ny i s  L 1 of  (15)  and  tha t  b e t w e e n  G r o u p s  II and  

III i s  L 2 of  ( 1 7 ) .  F o r  Group  II v a l u e s  of  ny ,  w h e r e  

n x > ny ,  t h e  l a c k  of  c o m p l e t e  c o r r e l a t i o n  b e t w e e n  the  

a l t e r n a t i v e  and  b a s i c  t r a i t s  ( i . e . ,  r < 1) c a n  b e  c o m -  

p e n s a t e d  f o r  in  u s i n g  the  a l t e r n a t i v e  t r a i t  by h a v i n g  

m o r e  p r o g e n y ,  but  on ly  to a c e r t a i n  e x t e n t .  T h e r e  i s  

a d e f i n i t e  l i m i t  b e y o n d  w h i c h  t h i s  c o m p e n s a t o r y  e f -  

f e c t  c a n n o t  b e  h a d ,  and  tha t  l i m i t  i s  L 2 w h i c h  r e p r e -  

s e n t s  t h e  n u m b e r  of  p r o g e n y  u s i n g  t h e  b a s i c  t r a i t  b e -  

y o n d  w h i c h  not  any n u m b e r  of  p r o g e n y  u s i n g  the  a l t e r -  

n a t i v e  t r a i t  c a n  b e  e q u i v a l e n t .  As  i s  e v i d e n t  f r o m  

( 1 7 ) ,  v a l u e s  of  L 2 a r e  s m a l l e r  fo r  l a r g e  v a l u e s  of  

h t han  fo r  s m a l l .  F o r  e x a m p l e ,  w h e n  t h e  b a s i c  
Y 

Correlotbns: R],,y- 4+(n-1)hy end Ryy = w4.(n_l)h: ' 

for hy=O.2, hx=O.6, and r=O.9 

1.0 
I As n - % ,  RIo ~,--1.0 

/ . /  I i ' , 

/ , ! I I  

I I i i * L 
I i 

0.2 I L7181 L,=I ll J, 
0 20 40 60 80 100 120 14.0 

Number of Progeny n F i g .  1 
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trait has heritability of 0.60 or more, L 2 is less 

than 20 unless r is 0.90 or more. This simply means 

that in these situations using an alternative trait can 

be equivalent to using a basic trait having high heri- 

tability only when the latter is used on relatively few 

progeny. When the basic trait is used with more than 

20 or so progeny, it is then more reliable than any 

progeny-test using an alternative trait could be, no 

matter how many progeny were available. It is also 

clear from (17) that values of L 2 are larger for large 

values of r than for small, particularly when r is 

close to 1.00, corresponding to the upper limit on n 
Y 

being infinite when r = I. In this case the high genetic 

correlation between the alternative and basic traits 

means that the two traits are sufficiently correlated 

genetically that a progeny-test using the alternative 

trait can be equivalent to one using the basic trait 

even for large numbers of progeny in the latter. When 

they are perfectly correlated (r = I ), the limit is in- 

finite, meaning that for all progeny-tests using the 

basic trait equivalent tests using the alternative trait 

can be found, in which case n x= ny(4/h x - I)/ 

/(4/hy - I). A final and obvious comment, but one 

worthy of note, is that L 2 is independent of hx, the 

heritability of the alternative trait. Values of equations 

(14) through (17) are tabulated and discussed in an 

early version of this paper, available from the author. 

Using Two Alternative Traits 

Suppose we wish to compare progeny-tests I i and 12 

using two different alternative traits, X I and X 2 re- 

spectively, for selection for improvement in y. Let 

h i , h 2 be the heritabilities of the alternative traits ; 

rl, r 2 their genetic correlations with the basic trait 

and nl, n 2 the number of progeny used, respective- 

ly; and let the genetic and phenotypic correlations be- 

tween the two traits be r12 and RI2 , respectively. 

This is the notation of Searle (1965), illustrated there 

in Fig. 3. 

Comparing Two Alternatives 

The relative selection efficiency of I I compared to 12 is 

RI I ,y 
RSE(I I 12, y) - 

' Ri2,Y 

= r_~l ~ nlhl  / n2h2 r lRI l ,Xl  

r 2 4 + h l ( n l - 1 )  4+h2(n2-1)  = r2Ri2,x2 

(18) 

Progeny-testing with I I will be equivalent to 12 

when RSE(II, 12, y) = 1. Equating (18) to unity and 

solving for nl, the solution is n I = nl for 

n2r~h2(4 - h i ) 

nl = [r~(4 - h2) - n2h2(r 2 hi 2_ r~)]' (19) 

a result similar to n of (16). In fact, on defining 
x 2 

2 2 2 < we can express (19) as Pl =-rl/r2 for r I r2, 

nl = nx(n2 ' hi' h2' Pl )" Applying the arguments of 

Section 3.3 leads to the following conclusions. 

2 with p~ - 2 2 Case A: r~ < r2, r l / r  2 < 1 

I : For 

that 

II : For 

n I > n 2 

to 12 . 

Ill: For n 2 

n 2 <Ll(hl, h2, pl ) there exists n I <n 2 such 

I I is preferred to 12. 

Ll(hl, h2, pl ) ~<n 2 <L2(h2, pl ) there exists 

>Ll(hl, h2, pl ) such that I I is preferred 

>~L2(h2, pl ), I 1 is never prefer red  to 12. 

We label the preceding conclusions Case A because (19) 

must also be considered for r~=r~  andfor rl2> r~. 

2 2 Equation (19) reduces to nl Case B: r I = r 2 = 

= n2(4/h I - l)/(4/h 2 - I) and we have the following. 

I: For any h i and h 2 there always exists n I >nl 

such that 11 is preferred to 12; h i = h 2 implies 

nl = n2' and h i <h 2 implies n I >n 2. 

II: For h i >h2, nt <n2 and there exists n I <n2, 

i.e. nl < nl < n2 such that I t is preferred to 12. 

_ 2 2 

difference nl - n2' which from (19) is 

2 2 2 2 2 
n 2 I4(r2 h - r l h l ) + ( n 2 - 1 ) h l h 2 ( r 2 - r l  ) ] 

nl-n2: ~I I r l (4-h2)-n2h2(r2- r l )2  2 2 ] . (20) 

The denominator is always positive and the second 
term of the numerator is negative. The following con- 
clusions ensue. 

I : For r lh  1 2  >/ r2h2 , 2  nl <n2 and thereexisi ts  n 1 <n2, 
i . e . ,  n 1 <n 1 <n2, suchthat I 1 is preferred to 12. 
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2 2 ~ > . 2 . . 
II: For rlh I < r2h2, n I n 2 if rlh I Is sufficiently 

2 
less than r2h 2 to make the numerator of (20) po- 

sitive. This leads to n 2 <Ll(h2, hl, p2 ) being the 

condition for 11 to be preferred over 12 for n I > 

> n 2 ,  i . e .  fo r  n 1 > n l  > n 2 .  

2 2 
I I I :  C o n v e r s e l y ,  wi th  r l h  1 < r 2 h  2 and n 2 ~ L l ( h 2 , h l ,  

p 2 ) t hen  11 can  b e  p r e f e r r e d  o v e r  12 fo r  n 1 < n 2 ,  

i . e .  fo r  n l  < n l  < n 2 "  

Then the  r e l a t i v e  s e l e c t i o n  e f f i c i e n c y  of I12 c o m p a r e d  

to I y  i s  

RII2,Y 
RSE (I12 , I y ,  y)  = 

~nh/[4 + ( n - 1 ) h ]  

= 1 § ~- 2 'y (22) 

1 nh 
4 

C o m b i n i n g  Two A l t e r n a t i v e s  

The i n d e x  c o m b i n i n g  the  p r o g e n y - t e s t s  of the  two 

t r a i t s  can  b e  t a k e n  a s  

I12 = b l X  1 + b2X 2 

where X 1 and X 2 are the means of single records of 

traits X 1 and X 2 on the same n progeny. Then the 

correlation Riy is well known to be [e.g. Searle 

(1963)] 

R 2 = w' V- lw/h 
I12Y ~ ~ ~ 

The intractability of (22) with respect to n, hl, h2, 

rl, r2, r12 and R12 appears to preclude establish- 

ing any simple or workable conditions on these para- 

meters such that RSE(II2 , Iy, y)>11; i.e., condi- 

tions under which 112 is to be preferred to Iy cannot 

be established other than requiring that (22), with 

(21) substituted therein, exceed unity. 

C o m b i n i n g  an A l t e r n a t i v e  T r a i t  Wi th  the  B a s i c  T r a i t  

I n s t e a d  of  s e l e c t i n g  on I12 , one  m i g h t  u s e  I 1 y ,  the  

i ndex  m a d e  up of Y and  one  of the  a l t e r n a t i v e  t r a i t s ,  

X 1 s a y .  I n t h a t c a s e ,  h2 ,  r 2 ,  r l 2  and  R12 o f ( 2 1 )  b e -  

c o m e  h,  1, r and  R r e s p e c t i v e l y  and (21)  r e d u c e s  to 

where 

R 2 
I l y , Y  - 

1__4 n I � 8 8  1 . h l §  2rR~-Fl l l  ] 

§ 1 ( n _ l ) ( h l + h _ 2 r R  g ~ l )  1 - R 2 + ( 1 / 1 6 ) ( n - 1 ) 2 ( 1  - r 2 ) h h l  
(23) 

jcov ,y, 1 l ,l w = , and  V = v a t  , 
~ [ c ~  X'2 

w b e i n g  the  v e c t o r  of c o v a r i a n c e s  of y wi th  X'I and  

V the  v a r i a n c e - c o v a r i a n c e  m a t r i x  of X-1 and  ~ 2" It 

i s  r e a d i l y  shown  tha t  

It c an  then  be  shown ,  u s i n g  (23)  in  (22), tha t  the  

n u m e r a t o r  of  [ R S E ( I 1 y  , I y ,  y ) ] 2  _ 1 i s  ( r  h ~ -  1 - 

- RV"h) 2 which  i s  p o s i t i v e ;  i . e .  R S E ( I 1 y  , I y ,  y)  > 1, 

m e a n i n g  tha t  s e l e c t i n g  on an  i n d e x  m a d e  up of  Y and  

an  a l t e r n a t i v e  i s  a l w a y s  b e t t e r  than  s e l e c t i n g  on one  

b a s e d  on Y a l o n e  - a not  u n e x p e c t e d  r e s u l t .  

R 2 1 1 r l  hV-~l l r 2  hV~2 ] x 
I12,Y = ~ [ g Sampling Variances 

1 (n_l)h 1 1 §  1 ( n _ l ) r 1 2  hlV-~2 R12+ 
n n 

1 (n_1) r12V~1h  2 R12 § 
n 

1 ( n _ l ) h  2 1 + ~  

-I Preferences for alternative traits have been discussed 

entirely in terms of genetic parameters, which have 

to be estimated. Decisions about using alternative 

traits therefore have to be made on the basis of esti- 

mated RSE's. Even though the sampling distribution 

xl I r2 / 

n ~ + r 2 2 r l r 2 r 1 2 )  r l h  1 _ _ § + r 2 h  2 - 2 r l r 2 R 1 2  

2 2 I _ V-fflh 2 ) 1 - R12 + 1~  ( n -  1 )2 (1  - r 1 2 ) h l h  2 + ~ ( n -  1 ) ( h l  § h 2 2 r12R12  

(21)  
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of these  e s t ima te s  is unknown, the re  would be some 

comfor t  to us ing  the e s t ima t e s  if we could have even 

approx imate  s t anda rd  e r r o r s  for them.  This has been 

done in the case  of m a s s  se lec t ion ,  where  p of (6) 

is the appropr i a t e  RSE. Approximate  sampl ing  va r i -  

ances  of an e s t ima to r  of p have been obtained by 

Sear le  (1965),  based on p a r e n t - p r o g e n y  r e c o r d s  for 

e s t ima t ing  genet ic  p a r a m e t e r s ,  and by Scheinberg  

(1967) based on s ibship  data.  In both c a s e s ,  de r iva -  

t ion of the sampl ing  va r i ance  is tedious ,  is  approxi -  

mate  only,  and r e s u l t s  in  an exp res s ion  that is  too 

compl ica ted  to be s tudied ana ly t i ca l ly .  Only n u m e r i -  

cal s tudies  a r e  pos s ib l e .  The compl ica t ions  a r e  ag- 

gravated  in the case  of the sampl ing  va r i ance  of the 

r e l a t ive  se lec t ion  eff iciency of p rogeny- t e s t i ng ,  of 

say R S E ( I y ,  Y, y) of ( 4 ) o r  of q of (11) ,  because/ 

whereas  p is just  a s imple  product  of r ,  h 1/2 and 

h - 1 / 2 ,  involves  [4 ( - ~ andX y q + h x , n  x 1 , ]  - 1 / 2  

[4 * hy(ny - 1 ) ] 1 / 2 ;  and the methods of 
/ 

der iv ing  

sampl ing  va r i ances  do not lend themse lves  at al l  e a s i -  

ly to handling this  kind of exp re s s ion .  For  example ,  

on adapting Scheinberg '9 ( ~ /  ~ / ~ 1 9 6 7 l  notat ion s l igh t ly ,  his 

expression (8)is ~ = G p I ' 2 p - I ' 2 G - 1  where P 
xy yy xx yy yy 

(and Gyy) a r e  e s t ima ted  phenotypic (and genotypic)  

v a r i a n c e s ,  and G is  an e s t ima ted  genotypic cova r i -  xy 
ance .  The comparab le  express ion  for ~I is  ~I = 

= (V )GyyH for Hyy= 4Pyy + ( n y -  

- 1 ) Gyy. At tempts  at following Sche inberg '  s p roce -  

dure  for der iv ing  var(~  I) y ie ld  expres s ions  vast ly  

more  compl ica ted  than his ,  inc luding the added com-  

plexi ty of involving n x and ny.  Their  p rac t i ca l  value 

would the re fo re  appear  to be very  l imi ted ,  

A feas ib le  a l t e rna t ive  is to obtain var(~i) " X var (p )  

d i rec t ly  from (11) for 

12 : nx[4 + hy(ny - 1)] 

ny[4 + hx(nx - 1)] 

Although not an exact r e l a t ionsh ip ,  this is the condi-  

t ional v a r i a n c e  of ~Igiven ~2. Cautious use  of this in 

A 
the eas i ly  computed form va r (q )  # ~2v'~ar(~)) , u s ing  

var (~)  f rom ( i l )  of Scheinberg  ( i 967 ) ,  might be l i t t le  

worse  than the excess ive  complexi ty  of the p reced ing  

pa rag raph .  
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